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R Setting the stage

R Non convex methods for sparse recovery
@R Sparse Bayesian learning

®R Extensions

R AFFLQCO&EOM to wireless communicakion

xR Channel eskimalkion



Part 1: Setting the Stage

e

Motivation and background



Spocrse Signal f?;@.toverv
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measurements noise
N x1
Jll sparse signal
K nonzero
entries,
kK << N

R Goal: Recover x from Y

R M << N: EM{&MLEetv many solutions
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Apgtiﬁa&oms
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Signal representation (Mallat, Coifmain, Wickerhauser,
Downoho, ...)

Functional Approx. (Chen, Nagara fan, Cun,
Hassibi, ...)

Spectral eskmn, carEagrapkj (‘Papoutis, Lee, Cabrera,
afkes i)

EEG/MEG (Leahy, Gordonitsky, Ioannides, 553
Medical imaging (Lustig, Pauly, )
Speech SP (0zawa, Ono, Kroow, Atal, )

Sparse channel estimakion (Fevrier, Grreenstein,
roakis, Prasad and M.,...)



Wireless Channel

Eskimation
A
G EREETT
time

@R Wireless channels exhibik mulkipath
R Na&urauj sparse the Llag-domain
R Need to estimabe bobh support & channel

2 Channel equalization # daba debtection

® Partially unknown dictionary learning



The Problem

SR

? Noiseless case: Griven y and O, solve
min ||x||op subject to y = $x
@2 Noisy case: solve
min ||X||o subject to ||y — x|l < [

@ L, horm minimization

®R Cowmwbinatorial r:omptexi&v

®R Not robust to noise



Breakthrough 1:
Uniqu@.mess

XN

&R Underdetermined s'jsﬁems
R waihif:etj many solutions, but ...

"

® Unique “sparse” solution i nullspace has no “sparse
vectors [Doncho, Elad ‘o2]

®R Unique soln. with high Probo\bii,i&tj, U M2 erl
[Bresler; Wakin ekc]
R Sub-Nyquist sampling (compression) when:
® Restrict to sparse signals

R Sample tn an “appropriate” basis



Breakthrough 2:
Just Relax!
-
2 L, min, instead of L, min,

min ||x||; subject to y = &x
® Convex optimization Probi.em

&R Same solution as Lo minimization!
R If the measurement makrix is random
® Use slightly larger number of measurements

E \Y
R Robust to measurement noise 1/ ~ K log ([—) < N
\

® See [Donocho; Candes, Romberq, Tao etc]



Recovery Algorithms

XN

R Sequential recovery methods: Sequentially identify
colunmins of @ most aligned with the residual
R Makbching pmsu,if: [Mallat, Zhang; Cotter, Raoc]
R QOrthogonal matching pursui& [Tropp 03]

B min ||x]|, subject to y = ®x
X

@ Joint recovery methods: Use a cost function that
encourages sparse solutions
® Basis pursuit (L-p, with P:::l) [Chen et al.]
FOCUSS (i.-[a, wikh p < 1) [Gordonitsky et al.] x
Lasso (BPDN) [Tibshirani] lliill THXH] 8 Hy o (l)XH-:)

Dankziq selector [Candes, Tao]

2 8 &



Performance Guarantees
-

R Mutual coherence } H1 (.)].l
b T

| w(®) £  max

® = [p1,02,...,0N 1<i,j<Ni#j || dill2]|d;|2

1 |
® Resulk (Moi,sei.@.ss «t:ase): I§ Ixllo < 2 (l i /1(_<I>)>
R OMP converges x after k iterations, where k = num.
nonzeros in x [Tropp 03]
® The sparse vector x, that generated y is the unique
soln to [Downoho, £lad 03]

min [|x||; subject to y = dx

2 Similar guarantees in the noisy case & i terms
of restricted isometry constant ete.



Limitations of Greed &
Relaxation

NN
N NN

R Performance of BP and OMP depend on the form
of the dictionary @

®R Poor per«farmahﬁe when condns, violaked
® Hard to relate estimation error to the dictionary

® BP: perf. indep. of nonzero coeffs [Malioutov et
al. 2004 ]

R Performance does not improve when situation is
favorable

R OMP: performance highly sensitive to magnitudes
of nohzero coeffs

® Poor performance with unit magnitudes



Other Limitations of Convex
Relaxation

LN
N NN

&R Scaling/shrinkage:
o Noiseless: L, <=> L, <=» L,. Shrinking large coeffs
can reduce variance, but at the cost of sparsity

®R Noisy: The T in lasso that minimizes the MSE
could resulk in a much larger number of
nonzero coeffs

o2 Correlated dictionary: disrupts L -1,

equw&i@.uﬁe

& Estimating embedded params (e.q., in @)



To Recap
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@* Sparse signal recovery
R Basic probiam, breakthroughs in CS
R Algorithms

XR Gruarantees

&R Limikakions
R Scaling/shrinkage
R Correlated dic&éanarv

R Embedded parameters



Part 2: Dont Relax!
e

A time and place for nonconvex methods?



Bayesian Methods

- Ve
N NN

2 MAP estmi, using a sparse linear model

® Also a regression problem with sparsity
promoting penalties (e.q., L-norm)

® L -min (BP/LASSO) is a special case

R Algorithms:
&R Iterative TEMEESkEQd ’.1 [Candes et al. 200%]

Iterative reweighted L, [Chartrand & Yin 200%]

EM"‘bO\SQd Sl [Tippav\g, Rool], [N&pﬁ Rao 2007]

2 2 &

AM? [Schiniter 200%], [Rangan Ro11]



MAT Estimation

e
X = argmaxp(x|y)
X

= argmin — log p(y|x) — log p(x) (Bayes’ rule)
X

N /Separable prior
= argmin ||y — &x||5 + A Z g(lzil)
X
=1

l
@ For sparse solutions, g(|x]) should be a concave,
nondecreasing function
® Example: g(Ix ) = |x[f, p € 1

®R Lasso is a speciod. cose: f”‘l

R Any local min. of the MA? estmn problem has at
most M NMonzeros [rao et oL, 9]



Whv does ik work?

e v o ¥
L

@ M IxgfP + ol subject to dix, + dx, =y
¢1X1 +¢2X2 e y

X2 A X, A e X, A

equal-cost
-~~~ contour

O0<sp<1 p =1 [Courtesy: Wipf, Rao] p>1



The Gpﬁmiz.aﬁwv\ Problem
=
®R To solve
arg mxin G(x):= |y — &x||5 + )\ z\: g(|x;|)
i=1

R g(x) concave, monotonically A in ||

R &(x) convex + concave



Ma jorization-Minimization
Appraa&h

o n " e ¥
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R Fird an upper bound 9(70 = S(X'X(m))

R Equality ot x = x(M) convenient for opt.
R Step 1: Optimize .
arg min G (x|x™) := [ly — ®x][3 + X i g(|i] |=;™)
2 Step 2: Set m <= m+1, update gbv:l:):("‘“)}, tkerate

R Works because
G(xm )Y € GxmDxmY € G(xIMxm) = G(xM)



Iterative Reweighted L,

N Comacwi&v: g(x) < 9'(.)(('“))()&*)&(“4)) g S(.K(m>>

® Equality ot x = x(m), Linear i x
R Ikerative reweighted L : [candes <t al. o%]

®R Inik: m = O x" = something convenient
®R Ibkerate:

X OPELmLz.e

N
x(m+l) g &ll'glllil Hy o (I)XH:ﬁ + /\2 :g/('l.f;m)
X
_(m))

@ m <= mr+l, update 9'(x, =1

Weighted |, minimization
® Until convergence ] :

) |;




Iterative Reweighted L,

dq( \/7) ( 9 9
O(z?) ' l

R g(x) concave it x*: g(z) < (

R Optimization [,orc:bl.em

N
x(”“l) arg min Hy (I)XH::: f /\
-
2

xR I&@.T‘O\&E,VQ T'Q.W&EE«S‘A&Qd LZ [Chartrand et al. o%] Y
R Inik: m = 0, X" = something convenient W x|[3
R  Ikerate:

& Compute x(m+1) — W,,,(I),I.()\I + (I)an(p’l‘)_ly

@ m <= m+l, update W,

R Until convergence



A Exampie

@ Suppose g(x) = log (x| + ), > ©
®R Cowncave in [x], x?
R Iterative reweiqhted L1
i m)y o (m)
g(@™) = |2

R Iterative reweighted L2

—1
+ 6}

-

!,)(111)

. Sy
w™ = {(.rﬁ"”) + € |z,




Limitations of MAP
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@ Many local minima O(NCM)

R Mooj qget stuck abt a Llocal minimum

@ MAP only guarantees max plx = x|y)
& Probability mass, rather than mode, may be more
relevant for continuous random vars

® Perhaps posterior mean E(xlj)?

R Even with the true prior, MAY estimators do not
minimize MSE: so MSE may be high!

® In fact using “true” statistics often does not lead to
the lowest MSE!



To Recap
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R B&j@.smv\ eskimalion
R Rastc MAT estimakion
R MajorLaa&iom~mimtméaaEéon approo«t:h

R Iterative reweighted algorithms

@R Limikakions
R Mav\j local minima

R Posbkerior mean vs. Fos&eriar mode



Part 3: Spm*se Bajesaav\
Learning
o<

Use Lots of priors and pick the best one!



Se&up
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R Recall the canonical model

Yy ()
R Craussian hoise model
| | o
v exp | —=lly — ®x||5
(2702)2 207 )

® Greneral parameterized prior
- 7.

I X; »
_ exp (—)—’) e
/i &Yi

| =

|

|
. noise

sparse
|1 signal




Spm*se Bayesian Methods

SR

@ Estimate v, from the data: Type-II ML

L(I') =logp(y:I') = log / p(y|x; )p(x;I')dx

N ——. | —

3
~y

p(y;T) =N (o. 0’1 + <1>1’<1>’1'>

= SBL Cost function

L(I') x —logdet (3y) — yTZ;ly



A Simple Subop&mat Procedure

R Jusk maximize the m&eqr&md Leads &o

ly — @x||3
min E 7 log v;
x,I’ 207 '

=1
xR A&erma&mg LM LLZAELOWN

XR Inikialize =2 1

® Compute X = 0-_2 ((7_2(1),1‘(1) + F_l)_l (I)Ty

2
)

R erea& Yi L

R Will call Ehis “Appraxima&e MAP” or A-MAT
eskinmation



The EM Iterations

SR

& E-step: posterior distribution given M®:
QTY) = Eypy.re log p(y,x; T)

R The posterior distribution is
p(x|y;T®) = N (i, X)
. \ | - =
H=0 2(0 '@ + (I'") l) ‘l”y 2 = (U_"(I)Id)——(l”))_')

R M-step: maximize QM) given
pos&amors qakhered m Ek@. E"s&e.w

ré+h) — arg md\Q (T|T®) = diag(p? + ;)
i >0



The SBL Algorithm

B
1. Inikialize [ = 1

_ PR o -1
R’ Campu?:e [ = (7_'-) ((7_2(])[ b + ('r“-) )_l> ([)[ y

= e —1
Y = (0‘24)1 b + (’r“))‘l>

. Update P = diag(p? + ;)

)
4, erea& sﬁeps 2 and 3

5. Qubpub [ after convergence



Variakional Interpretation

B S e
R Lower bound on L:

£r) = tog [ gel22Y

dx

v (PX YD)
/,2 /qx(x)log< e )dx

Jensen’s inequality
= F (gx(x);T')

@ In each iteration, EM maximizes the bound



Convergence

NN
N NN

Convergence guaranteed to a fixed pt. of L from any

nitlalizakion (Froperﬁj of EM)

R Unfortunately, fixed point not necessarily a Local min or
saddle paim& [Wipf and Nagarajan ©9]

® Bub, not found to be a problem in practice

The global min of L occurs at the sparsest solukion in
the noiseless case [wipf et a. 04]

All Llocal minima occur ok sparse solubtions i the woisv
case [Wipf ek al. 04]

More properties rwif and nagarajan 03]



Other Options for SBL Cost Min.
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2 McKay updates [ripping, 2001]
= Seb gradient of SBL cost = ©
R Faster convergence than EM
2 Greedy approach:
&2 Update hyperparams one at a time [ripping & Faul, 2003]
®* Closed-form update for each hyperparam
& Fast, but can get trapped in a local min.

@2 Fast Bayesian matching pursuill rscwiter et at, o%]



Other Options for SBL Cosk Min,

.

R Use dual-form of SBL. Cost function:

Xopt = arg min ly — ®x||5 + 0*gspr(x)

A . | —_ ‘)
gspL(X) = min xI T 1x + log det (O’ZI + <I>F<I>T)
~>0 ’
/ - _ .
R Facilitates iterative reweighted L, and L,
QLSOT‘L“&MS [Nipf and Nagarajan, 09]

®R Qvercomes some Limitations of EM

R rze!ptm:e E—s&ep wikth an approx. pos&eﬁc}r
compu&a&ow AMP-SBL [Al-Shoukairi and Rao 14]



Emwpirical Examyte

Unit magnitude

Crenerate random 50 enbries

x 100 makrix A

Prob. error

Grenerate sparse
vector x,

Compute y = Ax, "

Solve for x,, average 0%
over 1000 krials -

“©-CoSaMP
MAP

-L1
%-saL

o
o

Prob. error
o

Repeat for different
sparsity values

Highly scaled  ,
enkbries



Advantages of SBL
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R Averaging over x: fewer minima in plyy)
R Versatile: y can also be used to

®R Tie several parama&ers together -
fewer parameters to estimate

R lmcorpom&e skructure
R RBlock/cluster sparsi&v

®R Inkra/inbker-vector correlakion



Colored Noise

NN
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R In many &F?F*Lmo&wns, noLse may be
R Colored
R Rank-deficient covariance makrix

® Example 1: interference with a known
direction of arrival

@ Example 2: Good cop, bad cop: expensive,
noiseless meas. or cheap, noisy meas.?



Model

e v o e
L

R Measurement model y = dx +n

R Noise model

4:[7171,1—‘] — Q = [V1V2] { 0 = Opxm—p

R Equiv&i&h& model

R How ko recover x {:ram {31, 32}?

m—pXxXp On:—len—p



CoNo-SBL

XR EZ*%@.F:
(r)\ _ .
Q (vl*r ) = Ey |y, [log p(y, X; )]
R Posterior demsi&v

p (xlyr™) = N,

_p(r) A(7 ~ < T A(7) Tyr—1 —2 T
> =17"_p® (Z Z<I>,,B,.,..<I)m)1 | p=2P D "y +0, " XPry>
m=1n=1

[ B]] B]'_) :| = l [)Jrq)'l['lur)(l’I (I)Ilq,v-jnq)"-{' }l

B2; Bao Y R 03 Ln—p + P21 D]



CoNo-SBL (contd)
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Can let 05 — 0 bj using easy resulks
from blocke makrix inversion and
Wc:-odbur3 identity

R For QXO\MFLQZ’ (Details: [Vinjamuri & M., ICASSP 15])

P . 1 1l .
p=3® D 'y, + 202 (0:U2)"y:

e

M-Step same as before: v, « |pil* + i



Empiv&cat Examgte

XN

5
e + m=8k,p=m
x m=6K, p=0.7m
; O m=6k, p=0.1Tm
- N =100
S 10 B | k - ].O
solid(black) : -1
0 dotted(red) : OMP
10 | dashed(blue) : CoNo-SBL I
R O----mmmmmm O----mmmmm e o)
-15 |
i ii5 20 25

10
SNR(dB)



10

10

MSE

s | ¢ : _
107 :

B} -e--e"o'o_:@__ ) ._a—‘

Sl mE BT i (black) : I-1

dotted(red) : OMP

i dashed(blue) : CoNo-SBL

15 10 20 30 40 50 60 70 80 90
rank(p)



To Qecatp
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R $parse B&:jesiah learining

R S[mrse vector recovery via estimating
hvperparame&er

R Exp&a&a&&o&x—maximiza&ov\ tkerations
R Convergence Proper&ies
R Alkernative impiemeh&a&ioms
R Limitakions
®R Compu&a&iav\ai camptexi,&j
R More recent algos overcome this
R Slow convergence

R Fastk versions exist, but without the same
converqgence guarantees



Part 4: Extensions
S

Wb Muﬂ:ipte measurement vectors
2. Distributed sparse sighal recovery

3. CLusEer-sparsi&y, inter-vector correlation



Muﬂ:i;pte Measurement Vectors:
Joiunk Spocrsi&j
e
R Observaktion Model

; . : : X1 X2 X3 « XL
Yi D, Xj Wj C C
: =
— | \
- + E ] p Jointly sparse
m X 1 E] m X 1 ) : o
(m ) ] [ L1
| L L
x‘

& Why? As L -> o0, with m = 1,

Plexact support recov.) —=» 1 [Barown et al, 09]

2 Joimt Prior P(x;;1) = N{0,T'}



Algos for Joint Sparse
f&et:c;-verv

R M"‘OM? [Tropp <t al,, o6

Sparse vector dimension
R M""B? [Cotter et al. 08, Malioutov et al, 05] )

Num.

measuremen’rs Illlll Z |y — ‘Mx;H, + /\Z Hx \l o

R M*:)@H: 're.fjs

min Z ly: — @15 + )\Z log [|x} |2

{x,,X2,..., xr. } 1—1 s

R M= OL.USS

......



The M-SBL Algo

SR

R Cost function

p(Y;vy) = /‘/)(Y.X:’y)(lX = H /./)(yj|x‘,-)p(x.,-:’7)(1x.,~
) eJ "

,, : T :‘{ 1,2,.... L}
®R M Ikerakions

E-step:  Q(vy|¥") = Ex |y ~+ [logp(Y,X;v)]
M-step: 'yk“ = arg max (’Y")’k)
~YER?

® Posterior distribubion p(x;ly;:v") ~N (u.’;'*'.z_’;f“)



£ &M Steps

SR

R £ Step:
o o ] |
2T =T TV (”.flm + q’ﬁ"@f) oI

k+1 _ 25 k+1g5(7T .,
py =000 ey,
ORMSEQ.F?:
1

Y =7 ) (B0 + 1T 60)?)
jed
2 Average of the individual estimates

of vi across measurements



Emp&r&cat Exan«\pt@.

R M = 25
pl— 50
=R

®R Source:

[Wipf # Rao,
TSP Aug. 04]

- s
1 i — : S ———
- -- M-OMP L7 -
0.9" - M-Jeffl'eys ’/l v"/',
. M=-FOCUSS (p=0.8) | ,- Pie
0.84 - - M-BP 14
—— M-SBL .
D06
<
- 05"
=
W 0.4
0.3+
0.2+
0.1+
c:"":""é' ‘ ' . t 1
10 12 14 16 18

Diversity (D)



Learning Over a Network

e

Network of L data centers
® Node j has observation Y;

Wank ko Llearn Xt

® Statistically related
2
Centralized processing:
R Optimal, but
R Computationally demanding

Distributed (in-network) processing;
®R Secure
®R Robust to node failures



SBL for Joink Sparse
Qeaov&ry

e

R M Iterations:
, ey N —1
®R E-step: ="' =T"-T*g; ((7.7)1,,;+<I)_,'1—‘/"<I>J[‘) ®,T"
k+1 _ _—2xk+1x7T
pit =070 Ry

@ Separable: x; are independent given T

R Can be tompu&ed locally ot each node
R M-step: not sepa\ro\bi.e
1 L
ple+n) _ 1 Z (k1)
L, -]

7=1



A S&m[pi@. Trick

XN

R Equivalent prabi.ems
1 N : o
v = ! a; Y- — ang Imin g Y — a;
el  jelL]

Can be computed
locally at each node!
,, ijec’rive fn. separable

arg Il Bridge nodes

i Vi ~./C[[f] j(—[L Linear constraints

subject to v; = v,,b € B;,j € [L]



Alternating Directions Method
of Multipliers

R CGreneral probtem

min f(x) + g(y)
{x,y}

subject to Ax + By =c¢
® Augmented Lagrangian

L,(x,y,\) = f(x) + g(y) + AT (Ax+By—c)+’—)’1Ax.By c|?

arg mmL,,(x y

R ADMM Literations
Convex problems, easy to solve arg min £, (xk+1) y \ ()
al p\ Yo/ '

Dual update > )\ (k+1)




Benefits of ADMM
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R Facilitates distributed algorithms
®R Many rigorous convergence resulls exist
| L
®R £.9., Z where ¢ ->» ©
: || r

j=1
mona&onécattj as r =» &0

1
v =l <c

R Can extend ko many other Momse[aar&bie
objective fns, e.q., the nuclear norm

R Fastest convergence ,,opt—< , = )
' min. no. of bridge nodes per node



iy
(=)

Normalized Mean Squared Error (dB)
| |
5 3 b o

|
n
(=]

Simulabion Resulk: Mean
Squ.m*ed Error

N

SRS
—-©= Support aware LMMSE | ' , i~ DCS-SOMP
—— centralized MSBL © ..0 —— CB-DSBL {
| ==t CB-DSBL = 10 —&e— centralized MSBL i
~&— DCS-SOMP o CRL-1 '
CRL-1 S s
Lr’ 1
£ 10
8
Q
>
w .
°
g 107
©
=
O
= 3
10
0 5 10 15 20 25 0 5 10 15 20 25
SNR (dB) SNR (dB)

L = 10 hodes, h = §6, m = 10, 10% sparsity

[S. Khanna, C. R. Murthy, Globecom 2014]



Probability of exact support recovery
©c O ©O © © O O O O

o

Suppc:}r?: Qecovarj g ADMM
Parameter p

N W R DD N ©

-
T

-®=SNR=20dB,L =10
450 —©—SNR = 20 dB, L = 20|
400 -G-SNR=15dBL=IO
~©—SNR = 15 dB, L = 20|
@ 3507
2 300t
o
D 250t
© 200t
o
| Z 150
== DCS-SOMP 100!
CRL-1 1
~d— Centralized M SBL' | RN SRR LS 1 )
| —w— CB-DSBL B
":.-._'ZA i " i i ) 0>A o - - ... - e | LA LU A
5 10 15 20 25 30 1/16 1/4 1 4 16
Number of measurements per node scalefactor p

L = 10 nodes, h = 50, SNR = 1548 (L), m = 10 (R), 10% sparsity

[S. Khanna, C. R. Murthy, Globecom 2014]



To Qeaa[p

ot o o Y
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R MM&E,PL@. measurement vectors
@R M-SBL algoribthm
R Expwi&s Joint spmsi&j

@ Distributed sparse signal recovery
R ADMM iterations

X Simulakion examptes



Part &: Appti&a&iov\s

e

Wireless channel estimation & data detection



Wireless Channels
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>

Amplitude

T

time

R Wireless channels exhibik mu&ipa&k

&R Naturally sparse i the lag-domain

&2 Channel equalization % data debection

R Need to estimate both support & channel



Channel Models
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@ Block fading channel:

Channel constant for the duration of a block
(say, K symbols), changes Lid. from block-to-
block

R Timenv&rjiv\g channel:

Channel varies from symbol-to-symbol

® Want to exploit temporal correlation (group-sparse
estimation)



Outline

XN

1.Block fading case:

1. Kihowi channel su,ppc}r&: Joint channel
esktimation & data deteckion

2. Unkenowin channel su,ppor&: Channel and su,ppor&
estimation using F’ELO& svmbots

3. Unikknowin dakba & support: Joint support, channel
estimation & data debtection

2. Time-varying case:

1. AR model: Kalman-EM algo for joint support,
channel estimabtion & daka debin



OF DM with Block Fading

SERIAL
e TO
X PARALLEL

Chawnnel

NN
N NN

IFFT

T T

L x 1 channel vec

® Received signal modet

Diagonal data matrix; N x N

N: number of subcarriers

DATA

| DETECTION

X h

CHANNEL

1 ESTIMATION

=X F h+v

/ [

N x L DFT matrix, containing

<

Noise

first L cols of N x N DFT matrix

L: max channel delay spread

@ Goal: Given y, jaim&tv estimate X & h




SupparﬁmAware EM

e

®R Joink channel eskimakion and daka
detection

xR E"‘SE@.F: Q (Xlx(t)) — Ehly_x(t) (|09 p(y h’X))

X1 — argmax Q (X|X(’))
X
T M"‘SE@.F!
logp(y,h|X) = logp(ylh,X) + logp(h)
———— —

W
Log Likelihood, func. of X not a func. of X



Spmse Chawnnel Estimation
from Pilot Sjmbcts

0

v e CPx1

h e CEx1

2 h sparse in time (Lag) domain

&2 Hierarchical prior: h(i) ~CN(0,7)
Y, deterministic, unkenown hyperparams

®R Croal:
Griven vy, X, estimate h & sparsity Pro{ii.e



SBL for Basis Selection

* E-Step: Q(r|r“)) = Eh|y;r(t)(|09 p(y,h;T))

p (hyyzl‘“?’) —N(,Zh), u2o25,Afy

X =1\ !
z:;,é<a——A”A+(1‘“>) ) . A:A2XF

R M‘“SE@.P: rt+1 = arg max Q(r|r®)

log p(y,h;I") = logp(y|h) +logp(h;T)
RS- | -
not a func. of ~; func. of ~;



Basis Selecktion ko Channel

o [ [ ]
Eskimation
. — = = e
SERIAL — SPARSI f
— TO | IFFT | h | . Yo CHANNEL |
X PARALLEL ESTIMATION

P

ESTIMATION
OF

HYPERPARAMETERS

2 Upon convergence, many of the y, —» ©

® If vy, = ¢, then hii) = ©

= Obkain channel estimate as a bfjﬂprodw:& of
the EM iterations



Joint Channel, Suppor% Eskmin,
& Daka Debn.

== +i

E ..)
yECNX1 ] - ' A I VGCNX1
..... -

I : Pilot $ « CNxL h e CLx1

» | : Data
DATA _
.| DETECTION AND X
HYPERPARAMETER )
SERIAL —_— 1 ESTIMATION
1 10 ——1 1T l h y v
X PARALLEL i . ¢ §

SPARSK -
CHANNEL -
ESTIMATION




Joint Channel, Suppm% Eskmin,
& Daka Debn.

e v o e
L

E-step: [Eh/y,x(p),r(p)[|ogp(y~hixq )] }

M-step: [arg maxr x{E-step} ]

N

[arg maxr Ep, y xe rw[log p(h; )] ] [arg maxx Ep sy xe) re[l10g p(y/h; X)] ]

rML XML

R Gret h as a by-product of the E-step



Sinmulakion

OFDM s:js&em
N=256 subcarriers,

Max detav spread,
L=&4

K=7 53mbots/s!.o&

PedR PDP:
& nownzero F:aps

44 pilot subcarriers

Daka: rate ¥ kturbo
code, QPSK

MSE

Resulk

4-‘;

—fe— FDI

—O—Cs

~>— SBL

33— MIP-aware pilot-only
J-SBL

—— RJ-SBL

- =t— EM-OFDM

— ’_:\
- .

15

20
SNR

25

30



BER Performance

S S
10-1 : | ] I
: O cs
C O SBL
i X MiP-aware pilot-only]
[ X J-SBL
1072k RJ-SBL
E + EM-OFDM
A & [> Genie
\ S
Y
- \ \ Q \ “
; \
e 3 i = ) WV
= 10 3 4¥ \ X \\ c
s 1 4 NN -
. Q\ "%
4’ .
b \\ \\\ &\\\\ 4
10—4 : \ . x\ \\ W . -:<
« Q\ \ O, Solid: Upooded
S N \U > Dashed: Coded )
\
x 4
\
4
10'5 | | | 1
5 10 15 20 25 30



Time-Varying Channels

NN
N NN

® Channel correlated from symbol-to-
Sjmboi

R AR model: hx = phg_1 4+ Uk

® The factor p depeinds on the normalized
doppler «freq, which in turin depends on
the speed of the mobile

R SBL framework can be extended to
ihaorpora&e the Eem[zmrat correlation



Joint Kalman SBL (IK-SBL)

XN

&R Complexity O(KL3): smaller = IE;S‘QP .
than block-based methods Predict: by, 1, P |
0(K3L3> {Z»h&hg ek al. 10:] Update: h;, P
®R (K = num, OFDM symbols SHICOthERy R o

used i joint estimation) D

R In the block-fading case: qet M-step

recursive, more 4 X XY

computationally efficient
versiohs of our alqos O(KL?)



Simulation Resulk

10 Y T T i

* + 4  — —
10° —Je— FDI 1 10
—O— SBL
—— J-SBL
g K=SBL
e EM-OF DM .
JK-SBL 10 |
MIP-aware Kalmaq

Yy

BER

10 ¢
Ve O O sBL
\
. \\‘x J-SBL
10~ \tx A K-sBL
+  EM-OFDM
L3 JK-SBL
b4 1 Gemne
] 1 i ] 2 i
10 15 20 25 30 - 10 15 20 25
SNR E, /N,

@ £4T, = 0,001 (slowly time-varying



MIMO-OFDM

e v o ¥
L

~

-

X,
R : OFDM \mm'l..\m@j
JINPUT TURBO SYMBOL I MIMO ]

L BITS ENCODER- MAPPING ENCODER : -
OFDM .\umu..\'r(m)j

-
Vieleta INTERLEAVE -

~

<&
- Lo e B e
OFDM DEMODULATORY 1 JOINT 1
e I CHANNEL ' TURBO e
o | ESTIMATION' LLR et | OUTPUR ;
s DECODER- | OUTPUl— (b}
Al - YR (LU
OFDM DEMODULATORYY. !  DATA | DEINTERLEAVE -
| DETECTION,
- - - ]- - -
hn. j‘.‘a‘ K

N
ynr — Zntt:1 anthtnr + Vnr, nr — 1, ¢ oo g Nr
® Groal: Recover hy, ..., hyr from YL oo Ynr

®  [Prasad & M., NCC 2014 ]



MMV Frameworlk

SR

R Measuremenlt model

h11 ' h1N,
‘[y1 """ Yn.] = X(Iy, ® F) +£V1 Vo, ..., Ver
YECN*Nr HcCN*LN; hN,1 el thNr VCi?’r"‘*iNr
HeCLNx Nr

® Pilot subcarriers

PxA1
1 Vpn €C

hn, € (CLx 1



The M-SBL Algorithm

SR

2 & Step QYY) = Eypy,500[l09 p(Yp, Hi )]

R M Step ~+1) = argmax Q(v|v(")

Channel Estimation Block

W R R R R R R R R SRR R R SRR R R R R R R R R e e e e e e e e

J™ - ---—-—-m-m-—-me- .- .- X e l

: H .

|

' E-step I l M-step |

y | SPARSE ESTIMATION A

p__|! CHANNEL OF ,
! ESTIMATIO HYPERPARAMETERY |

| |

| t :

: 2 '

\ |



The £ and M SEeps

e v o ¥
L

® g-Step: Posterior diskribution CN(u, .3)

-1
P P, (r)~1
IJ'II, E(I)p y[) n, 2 = <_; T r >
R M“S&@.F':
Q (’Ylfy(r)) p— C/ _— IEHW;)J‘Y(') {Z Z hnm 1hn,,-,,:|

1n{

N g
g

Common ~

o 1 ,
+(r+1) (7) = NN 2 _] Z?_“‘ (M (i + ne L, ny )3
+ (i +neL,i+neL))




Joint Channel £sktmin,
# Dabka Detection

R E Step remains unchanged

R M Step: (v*).X*) = agmax Q(y.X7.X")

~eRYX X:x.€8



Yn,

The M S&@.E Sgi.&&s as
Two Separate roblems

W e e - —— - ———————————————————————— -y

[ E-step: O(‘Y X|"Y(r] X(')) = Eﬂlyn(')_x(r)[log p(H \ v, X)] ]

[
|
|
' A :
|
[
[

I I
Y ]

[ M-step: argmax. x Q7. X|»7(f)_ x(r)) ]

l

!
[7"*‘) = argmax. Q(v|~\"”) ] : (x('°'> = arg maxy Q(X|X(") J :
I

Can use, e.g., sphere decoding to update X



MSE Performance

® 2 x 2 MIMO-OFDM 107, T

Sstem | MSBL
109 MIP-aware pllot-only

—— |- MSBL
wf— \|P-aware EM-OFDM

R 286 subcarriers

R CP length 64

MSE

R 4-4 F?&LOE
subcarriers

R PedB PDP

-6'
@R QPSK constellation 10 .o 15 20 o5 30
SNR



Exploiting Structure
Hetpsf

MSE

10 15 20 25 30
SNR



BER ?er{armamce

SRS

b
OI
‘e

1

.~ N : s : . :
. . . ’ : ."ﬁ

1 o~4L[ == s—omP

—— MSBL
| -MSBL
107 === MIP-aware pilot-only f
—z_— MIP-aware EM—OFDr/I :
- = Genie .
10-6 1 | 1 | q
0 1 2 3 4 5 6



To Qecap

o n " e ¥
N NN

R SBL based OFDM chawnnel estimakion

R Block-fading case: proposed I-5BL and
Llow-complexity recursive 3-SBL for joint
channel estwmin & data debin

@R Time-varying case: low-complexity K-5SBL
and IK-SBL proposed
R Algos futtj exploit channel correlation
R MIMO case: Estimation in MMV framework

R Take-home pom&: EXFLOE,E any known structure!



Exkensions

NN
N NN

R MIMO-OFDM: tracking time-varying

channels using the Kalman framewori
[Prasad & M., submitted, TSP 2014 ]

®R Cluster syarsi&v: F»o&ks oceur &Losei.j
SF»'O\ﬂQ.Ci clusters [Prasad & M., ICASSP 2014 ]

R Approxima&e spars&&j due to Eransmilk/

receive pulse shaping, filtering, etc rrrasd
£ M., TSP Jul, 2014 ]



Suum mary

NN
N NN

2 Bayesian mebhods:

R Simpi.a upcla&es

R Promising performance
R Challenges:

&R Theoretical auab;sis

R New algorithms

&R Novel apptiaa&ious

@ Plenty of opportunities’
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